Some new interval oscillation criteria are established for a class of general type second-order differential equations with a nonlinear damping term
Introduction
We are concerned with the oscillatory behavior of solutions of the general nonlinear differential equation (r(t)k 1 (x(t), x (t))) + p(t)k 2 (x(t), x (t))x (t) + q(t)f (x(t)) = 0, t ≥ t 0 ,
where r ∈ C ([t 0 , ∞), (0, ∞)) , p, q ∈ C([t 0 , ∞), R), g, f ∈ C(R, R) and k 1 , k 2 ∈ C(R 2 , R). It is tacitly assumed that the functions r and k 1 are continuously differentiable in their domain of definitions. Throughout this paper, we shall also assume that (A 1 ) p(t) ≥ 0, for t ≥ t 0 , xf (x) > 0 for all x ∈ R/{0};
for some constant β 1 > 0, v ∈ R/{0} and all u ∈ R;
for some constant β 2 > 0, v ∈ R/{0},u ∈ R;
(A 4 ) f (x) exists and
|f (x)| (α−1)/α ≥ β 3 for some constant β 3 > 0 and all x ∈ R/{0}; In the above assumptions (A 2 ) − (A 4 ), α > 0 is a constant.
By a solution of Eq.(1.1), we mean a function x ∈ C 1 [T x , ∞), T x ≥ t 0 , which satisfies Eq.(1.1). In the sequel, we restrict our attention only to the nontrivial solutions of Eq.(1.1), that is, the solutions x(t) such that sup{|x(t)| : There is a great number of papers devoted to particular cases of Eq.(1.1) such as
Numerous oscillation criteria have been obtained for Eqs.(1.2) -(1.3)( see [1] [2] [3] [4] [5] [6] [7] ).
Motivated by the ideas of Philos [1] , Ei-Sayed [3] , Kong [4] and Li and Agarwal [5, 6] , by using Riccati technique, we obtain several new interval oscillation criteria which involve the behavior of Eq.(1.1)(or of r, p, q) only on a sequence of subintervals of [t 0 , ∞). These results are of a high degree of generality which admits rather wide possibilities for deriving various oscillation criteria with appropriate choices of the functions H(t, s), k(t), φ(t). Our results extend and improve the above mentioned results.
Following Yang [7] , let us introduce the class of functions X that will be used in the sequel. 
where
In order to prove our results we use the following well-known inequality due to Hardy, Littlewood and Polya [8] .
Lemma 1.1. If A, B are nonnegative, then
where equality holds if and only if A = B.
2 Oscillation results for f(x) with monotonicity Theorem 2.1. Suppose that (A 1 ) − (A 4 ) hold and there exist a nondecreasing function ϕ ∈ C 1 ([t 0 , ∞), (0, ∞)) such that for some H ∈ X and for each sufficiently large T 0 ≥ t 0 , there exist increasing divergent sequences of positive number {a n }, {b n }, {c n } with T 0 ≤ a n < c n < b n such
Proof. Otherwise, let x(t) be a non-oscillatory solution of Eq.(1.1). Without loss of generality, we may assume that x(t) > 0 on [T, ∞) for some sufficiently large T ≥ T 0 ≥ t 0 . Define
Then differentiating (2.2) and using Eq.(1.1), we obtain
By using assumptions (A 1 )-(A 4 ), (2.3) implies that w(t) satisfies the differential inequality
Multiplying (2.4), with t replaced by s, by H(t, s)k(s) and integrate with respect to s from c n to t for t ∈ [c n , b n ), and using (B 1 ) and (B 2 ), we get
According to Lemma 1.1, we obtain for t ∈ [c n , b n )
Hence, we get
Now let t → b n in (2.7) and dividing both sides by H(b n , c n ), we obtain
Similarly, multiplying (2.4), with t replaced by s, by H(s, t)k(s), integrating the resulting inequality with respect to s from t to c n for t ∈ (a n , c n ], and using (B 1 ) and (B 2 ) to obtain
Let A, B similar as the above. By Lemma 1.1, we have
(2.10)
Let t → a n in (2.10) and dividing both sides by H(c n , a n ), we obtain 1 H(c n , a n ) cn an H(s, a n )k(s)q(s)ϕ(s)ds
(2.11) Adding (2.8) and (2.11), we have the following inequality Proof. For any T ≥ T 0 ≥ t 0 , let a n = T . In (2.13), we choose l = a n , then there exists c n > a n such that
Setting l = c n in (2.14). Then there exists b n > c n such that
(2.16) Combining (2.15) and (2.16) we obtain (2.1). Therefore, in view of Theorem 2.1, we conclude that Eq.(1.1) is oscillatory.
For the case where H := H(t − s) ∈ C(D, R) ∈ X, we have that h 1 (t − s) = h 2 (t − s) and denote them by h(t−s). The subclass of X containing such H(t−s) is denoted by X 0 . Applying Theorem 2.1 to X 0 , we obtain Theorem 2.3. Assume that (A 1 )-(A 4 ) hold and for each T ≥ t 0 there exist a nondecreasing function ϕ ∈ C 1 ([t 0 , ∞), (0, ∞)), some H ∈ X 0 and a n , c n ∈ R such that T ≤ a n < c n and Proof. Let b n = 2c n − a n . Then H(b n − c n ) = H(c n − a n ) = H( bn−an 2 ), and for any w ∈ L[a n , b n ], we have bn cn w(s)ds = cn an w(2c n − s)ds.
Thus that (2.17) holds implies that (2.1) holds for H ∈ X 0 and therefore every solution of Eq.(1.1) is oscillatory by Theorem 2.1. Now we choose k(t) = 1, H(t, s) = (t − s) λ , t ≥ s ≥ t 0 , where λ > α is a constant. Then H ∈ X 0 and h(t − s) = λ(t − s) λ 2 −1 , based on Theorem 2.2 , we obtain the following corollary. 
Remark 2.1 If we take k 1 (x(t), x (t)) = x (t), p(t) = 0, so α = 1, β 1 = 1, then Theorem 2.1, 2.3 and Corollary 2.1 reduce to Theorem 2.3, 2.4 and Corollary 2.1 of Li [6] .
We shall illustrate one example which dwell upon the importance of our criterias. 
θ(−t + 3n + 2), 3n + 1 < t ≤ 3n + 2, −n, 3n + 2 < t < 3n + 3, n ∈ N 0 = {0, 1, 2, ...}, γ > 0, 0 < α < 2, and
2−α are constants. Then if we take β 1 = 1, β 2 = 1, β 3 = α, we will find assumptions (A 1 )-(A 4 ) are satisfied.
For any T ≥ 0 there exists n ∈ N 0 such that 3n ≥ T . Let a n = 3n, c n = 3n + 1, k(t) = 1, ϕ(t) = 1 and H(t − s) = (t − s) 2 , so that h(t − s) = 2. From direct computation, we have . therefore, none of the known criteria due to [2] can be employed. The results [3] [4] [5] [6] fail to apply to Eq.(2.21) for the generality of the equation.
